This talk is based on joint work with Chenette, Philipps, Pudwell

Occurrences of a specific pattern in hypercube
orientations
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Math, then bio?

Bio, then math
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Fitness Landscapes (Crona and Wiesner)

The typical allele (unmutated type) will be called the wild type.
Populations have members with mutations, and those mutants can have
better or worse tness for their environment.
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Fitness Landscapes (Crona and Wiesner)

The typical allele (unmutated type) will be called the wild type.
Populations have members with mutations, and those mutants can have
better or worse tness for their environment.

Over generations, we expect the population tness to increase from the
pressures of natural selection.

06/22/22 A pattern in acyclic hypercubes




Fitness Landscapes (Crona and Wiesner)

The typical allele (unmutated type) will be called the wild type.
Populations have members with mutations, and those mutants can have
better or worse tness for their environment.

Over generations, we expect the population tness to increase from the
pressures of natural selection.

We can imagine these mutations occurring on some axes (2 in the
following gure) and the tness changes by height. This is a /andscape.
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Fitness Landscapes

Selection
usually
pushes

populations
to the top

Fitness




Which landscape is most likely?




Why do we care?

We can predict evolution under speci ¢ pressures.
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Why do we care?

We can predict evolution under speci ¢ pressures.

We can combat antibiotic resistance, particularly
multiply-resistant populations.
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Discrete Landscapes

Here we have 3 genes, with increasing tness
marked with arrows.
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Discrete Landscapes

Here we have 3 genes, with increasing tness
marked with arrows.
It’s acyclic!
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Which animal is this?




Reciprocal Sign Epistasis (RSE)

Two mutations, each bene cial, but both is worse
than either individually
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Or two mutations, each deleterious, but together
bene cial.
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Or two mutations, each deleterious, but together
bene cial.

Both are square faces of a hypercube with no
maximal path of nontrivial length.
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One early theorem in this area by Poelwijk et.al.
states:

Theorem

A tness landscape cannot have more than one
peak without an occurrence of RSE.
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Extension of Poelwijk

Theorem (CPPR ’21)

In any dimension, a lattice with k peaks contains at
least k 1 RSEs.
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Extension of Poelwijk

Theorem (CPPR '21)

In any dimension, a lattice witk peaks contains at
leastk 1 RSEs.
Sketch of proof:

By induction: Take an n-dimensional acyclic
hypercubeQ,, with k > 2 peaks.
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Extension of Poelwijk

Theorem (CPPR '21)

In any dimension, a lattice witk peaks contains at
leastk 1 RSEs.

Sketch of proof:

By induction: Take an n-dimensional acyclic
hypercubeQ,, with k > 2 peaks.Pick two of them,
identify the sub-lattice between them, call(X ,

with one peak at the bottom and the other at the
top.
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Extension of Poelwijk

Theorem (CPPR '21)

In any dimension, a lattice witk peaks contains at
leastk 1 RSEs.

Sketch of proof:

By induction: Take an n-dimensional acyclic
hypercubeQ,, with k > 2 peaks.Pick two of them,
identify the sub-lattice between them, call(X ,

with one peak at the bottom and the other at the
top.Q has at least 1 RSE, and in that RSE some
label has a bit 0 change to 1 in position
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De ne QY ; to be the hypercube with 0 in position
i andQ} ; with 1.
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De ne QY ; to be the hypercube with 0 in position
i andQ} ; with 1.

QU | hasj > 0 peaks (therefore at leapt 1

RSE), andQ?! | hask j > 0 peaks (therefore at
leastk | 1 RSE.
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De ne QY ; to be the hypercube with 0 in position
i andQ} ; with 1.

QU | hasj > 0 peaks (therefore at leapt 1

RSE), andQ?! | hask j > 0 peaks (therefore at
leastk | 1 RSE.

So total we have at least

G 1)+(k j 1)+1=k 1RSEs.
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Visual Example




Visual Example




Visual Example




Visual Example
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We computationally study which combinations of
peaks and RSEs are possible. Our results can
therefore be described as theorems on the joint
distribution of two patterns (peaks and RSES) in
acyclic Boolean lattices, and likewise nding the
maximum number of RSEs can be considered a
form of pattern packing.
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Our primary focus is on which combinations of peak
counts and RSE counts are possible, in other words
the nonzero entries in the joint distribution of the
two patterns peak and RSE.
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Peaks
O 1 2 3 4
0/0 99 00O
1/0 84 42 0 O
2/0 093 00
RSEs3/0 0 12 8 0
4/0 0 090
5|0 0 00O
6|0 0 0 01

Table: For dimension 3, number of acyclic orientations with each
(number of RSEs, number of peaks).

A pattern in acyclic hypercubes






Theorem (CPPR '21)

Single-peaked-dimensional lattices exist with
RSEs, where

m=2"3n?> 5n+8) 1 (1)
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Theorem (CPPR '21)

Single-peaked-dimensional lattices exist with
RSEs, where

m=2"3n?> 5n+8) 1 (1)

Notably, the most signi cant term in this expression
is 2' 3n2. The total number of faces is

2" 3(n? n), which has the same most signi cant
term. This means that, in high enough dimensions,
an arbitrarily large proportion of the faces in a
lattice can be RSEs while still having only one peak
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Theorem (CPPR '21)

A single-peaked-dimensional lattice cannot have
more than

2" 3(n> n  2bn=2c) (2)
RSE faces.
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Conjecture (CPPR '21)

The maximum number of RSEs in a single-peaked
n-dimensional lattice i&" 3(n> 4n+4).

5| 6 |7 8
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64| 192| 576| 1536
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Theorem (CPPR '21)

Forn 4, ann-dimensional lattice with
2" 1 (n 1) peaks can hav@" 2 ) " RSEs

2
butnot2" 25 7 1RSEs.
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Theorem

For n 4, if an n-dimensional lattice has at least
2" 22 (n 1) (n 2)RSEs, then it must
have exactly:

2" 2 7 (every face),
2" 22 (n 1),0r
2"272 (n 1) (n 2

RSEs.




We also came up with a variety of explicit
construction algorithms, mostly involving adding
connecting edges between two smaller lattices, to
give an explicit examples of a wide variety of
RSE/peak combinations.
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Thank you alll Thank you Laral
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A 3 drug cycle alternating the antibiotics
cefepime, ceftazidime, and cefprozil
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